We study the expansion of an interacting atomic system at zero temperature, following its release from an isotropic three-dimensional harmonic trap and calculate the time dependence of its density and momentum distribution, with special focus on the behavior of the contact parameter. We consider different quantum systems, including the unitary Fermi gas of infinite scattering length, the weakly interacting Bose gas, and two interacting particles with highly asymmetric mass imbalance. In all cases analytic results can be obtained, which show that the initial value of the contact, fixing the 1/k 4 tail of the momentum distribution, disappears for large expansion times. Our results raise the problem of understanding the recent experiment of Chang et al. [Phys. Rev. Lett. 117, 235303 (2016)] carried out on a weakly interacting Bose gas of metastable 4 He atoms, where a 1/r 4 tail in the density distribution was observed after a large expansion time, implying the existence of the 1/k 4 tail in the asymptotic momentum distribution.
I. INTRODUCTION
It is well known that the momentum distribution n(k) of a system of N interacting particles normalized as
3 k = N exhibits, at equilibrium, the scaling behavior (2π) −3 C/k 4 at large momenta k, where the coefficient C defines the total Tan contact [1] , a universal quantity connecting the thermodynamic properties of the many-body system to the short range behavior of its wave function [1] [2] [3] [4] [5] [6] [7] . In the case of a weakly interacting Bose gas this tail is physically associated with the presence of the quantum depletion of the condensate, a challenging feature well understood theoretically, but difficult to measure experimentally [8] [9] [10] . The 1/k 4 tail of the momentum distribution has been measured in the unitary Fermi gas, profiting from the possibility of turning off the interaction, just after the release of the trap [11, 12] . In this case the momentum distribution is conserved during the expansion, so that experiments measure the value of the contact before expansion. Despite the systematic investigations of the contact at equilibrium [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , its evolution in a dynamical context has been rarely explored [23] [24] [25] [26] [27] [28] . The importance of this question is manifested by the fact that the momentum distribution is affected by interactions during the expansion and, for large expansion times, when it becomes time-independent, can be directly related to the measurable time-dependent density distribution ρ(r, t) through the ballistic relationship n asym (k) = lim t→∞ ( t/m) 3 ρ(r = kt/m, t),
which assumes that, at large times, atoms move as free particles. According to Eq. (1) , an asymptotic 1/k 4 tail in the momentum distribution should show up in a tail * chunleiqu@gmail.com of the density distribution, characterized by the t/r 4 dependence for large values of r and t. A recent experiment [29] , where the density distribution of an expanding gas of metastable 4 He atoms was measured with high accuracy, has indicated that the contact parameter C is actually increased with respect to the initial value, and thus motivated us for the theoretical investigation of the dynamical evolution of the contact.
The mechanism of the expansion of a dilute atomic gas is well understood in the regime of distances satisfying the condition r ≤ R TF (t), where R TF (t) is the Thomas-Fermi radius at the expansion time t, or momenta smaller than the inverse of the healing length [30] . In this regime approximate schemes based on scaling transformations [31, 32] or on the hydrodynamic picture [33] provide an accurate description of the expansion and, in particular, have proven very successful in predicting the time dependence of the aspect ratio, a quantity measurable with high precision.
The description of the expansion at a more microscopic level, involving the large-k components of the momentum distribution, and hence the determination of the time dependence of the contact, represents a more challenging problem, whose solution requires the implementation of time-dependent dynamic theories beyond the mean field level. The purpose of the present work is to discuss some examples where such theories can be worked out explicitly and the question of the behavior of the tails of the momentum distribution, when the interaction is not turned off during the expansion, can be addressed in a quantitative way at zero temperature. These include the unitary Fermi gas, the weakly interacting Bose gas and the two-body problem with highly asymmetric mass imbalance which reduces the problem to the solution of the single-particle Schrödinger equation.
The paper is structured as follows. In Sec. II we investigate the evolution of the contact for the unitary Fermi gas and the weakly repulsive Bose gas. In Sec. III we explicitly calculate the density and momentum distribu-tions during the expansion for the two-particle system, both at unitarity and in the case of weakly repulsive interaction. In both cases the contact is found to decrease for large expansion times in the same way as in the corresponding many-body systems. We also calculate the change of the contact after a sudden quench of the scattering length from a small value to infinity just before the expansion. Our concluding remarks are reported in Sec. IV.
II. MANY-BODY INTERACTING SYSTEMS

A. Unitary Fermi gas
A remarkable feature exhibited by the Fermi gas at unitarity is that an exact solution of the problem of the expansion from a three-dimensional (3D) isotropic harmonic trap can be formulated in terms of the exact scaling transformation [34] 
of the many-body wave function. Here N is the total particle number of the two spin states,
is the normalization constant, and b(τ ) = √ 1 + τ 2 with τ = ω ho t the dimensionless time and ω ho the trapping frequency.
Consequently, the density distribution of the system during the expansion is given by
where ρ 0 (r) is the equilibrium density evaluated at t = 0. The ballistic relation [Eq. (1) ] then gives the following expression for the asymptotic momentum distribution :
which holds for large times satisfying the condition t 1/ω ho . The above results [Eq. (2)- (4)] hold if the gas preserves the conditions of unitarity (infinite scattering length) during the expansion. If the scattering length is instead modified or switched off just after the release of the trap, the asymptotic momentum distribution exhibits a different behavior (see, for example, Refs. [11, 12] ). The scaling result in Eq. (4) shows that the occurrence of the 1/k 4 tail in n asym (k) should be associated with a corresponding 1/r 4 tail at large r in the equilibrium density distribution before expansion. This behavior is ruled out by the simple argument that the 1/r 4 law would imply an unphysical infrared divergent behavior in the ground state harmonic oscillator energy and hence, due to the virial theorem, in the total ground state energy. The absence of the 1/r 4 can be explicitly shown in the case of the two-body problem (see Sect. IIIA).
An explicit expression for the time dependence of the contact can be obtained by making the adiabatic ansatz [1] . This ansatz corresponds to assuming that, during the expansion, the large momentum component of the momentum distribution is given by the same expression (2π) −3 C(t)/k 4 holding at equilibrium, with C(t) evaluated using the time-dependent value of the density profile. The adiabatic ansatz holds if the two-body interaction, which dictates the short range behavior of the wave function, is kept constant or slowly varying in time. In the unitary Fermi gas the contact is given by C(t) = dr{α[3π 2 ρ(r, t)] 4/3 } where α 0.12 is a universal parameter. Using the position and time dependence of the density predicted by the scaling law (Eq. (3)), the contact is then expected to evolve in time as
B ) is the initial contact of the unitary Fermi gas at equilibrium, ξ B is the Bertsch parameter, and k
is the initial local Fermi momentum at the trap center.
It is worth noticing that the same result [Eq. (4)] for the asymptotic momentum distribution and for the time dependence of the contact can be also derived by studying the behavior of the one-body density matrix (see Appendix A), thereby justifying the use of the adiabatic theorem.
B. Weakly repulsive Bose gas
Although in the case of the 3D Bose gas an exact scaling solution of the many-body wave function similar to Eq. (2) is not available, the adiabatic ansatz discussed above is still expected to hold. In the local density approximation, the time dependence of the contact is expressed in the form
where a is the s-wave scattering length and the integrand is the local contact density at equilibrium predicted by Bogoliubov theory (see [30] , Sec. 18.3) . We can then use the time dependence of the density profile during the expansion, as predicted by the scaling transformation ρ(r, t) = ρ 0 [r/b(t)]/b 3 (t) of hydrodynamic theory, where b(t) is the relevant scaling parameter characterizing the expansion of a dilute Bose gas behaving, at large times, as b(t) ∝ ω ho t (see [31] [32] [33] and [30] , Sec. 12.7). As a consequence, the contact of the dilute Bose gas decays as
3 at large times where
is the initial contact with R TF , the initial Thomas-Fermi radius of the trapped gas.
III. TWO-BODY PROBLEM
More complete and explicit results for the time evolution of the contact are available by solving the expansion dynamics of a two-body problem, which gives access to the exact time dependence of the density and momentum distributions and provides explicit conditions for the applicability of the adiabaticity ansatz. For the sake of brevity, we consider two interacting particles in an isotropic 3D harmonic trap with one of them being so heavy that the center-of-mass motion can be ignored. This reduces the problem to the investigation of a onebody system described by the Hamiltonian
where m is the mass of the light particle. V (r) is the two-body interaction characterized by the value of the s-wave scattering length, a quantity which, in the presence of a Fano-Feshbach resonance, can be tuned by applying an external magnetic field [35] . In this work, we will consider the regularized pseudopotential
, whose eigenvalue problem can be solved analytically [36] . The eigenfunctions take the form
where U (x, y, z) is the hypergeometric function, A is the normalization constant, a ho = /mω ho is the harmonic oscillator length, and ν = (E/2 ω ho − 3/4), with the eigenvalue E determined by
Two different values of scattering length will be discussed in the following.
A. Unitary interaction
At unitarity (a = ∞), the ground state energy is E = ω ho /2 and the corresponding wave function takes
wave function decays exponentially at large r whereas it approaches 1/r for small r. We notice that the size of the pair is reduced with respect to the non-interacting value according to r 2 ∞ / r 2 0 = 1/3, reflecting the attractive nature of the force at unitarity.
The ground state wave function in momentum space is readily obtained after a Fourier transformation: 
for the momentum distribution, yielding the value C 0 = 8 √ π/a ho for the contact. When the particle is released from the isotropic trap, the wave function evolves according to the exact scaling transformation, Eq. (2) (with N = 1), thus the expanding density distribution is given by
where τ = ω ho t is the dimensionless time. The density distribution exponentially decays at large r and the absence of an additional 1/r 4 tail indicates that the 1/k 4 tail of the momentum distribution will disappear at large expansion time. The time evolution of the momentum distribution can be explicitly obtained by calculating the wave function in momentum space. One finds
Therefore, as a consequence of the asymptotic behavior of the Dawson function [37], we find that, for any fixed value of t, n(k, t) = (2π) −3 C(t)/k 4 for ka ho → ∞ with the contact C(t) = C 0 / 1 + ω 2 ho t 2 vanishing like 1/t for large expansion times [38] . This is the same law obtained in the case of the unitary Fermi gas discussed in the first part of the paper, using the adiabaticity ansatz for the evolution of the contact.
The asymptotic momentum distribution, easily derivable by inserting Eq.(10) into the ballistic formula [Eq. (1)], takes the form
The same expression for the asymptotic momentum distribution can be also obtained using the asymptotic
2 /2 of the Dawson function, holding for |z| → ∞ and arg(z) → π/4. This result can be obtained using the relation between Dawson function and the error function F (z) = i √ πe −z 2 erf(−iz)/2 and Eq. (7.2.4) from Ref. [39] . Figure 1 shows the density distribution ρ(r, τ ) and the momentum distribution n(k, τ ) at τ = 0, 10 2 , 10 4 . The figure shows that the value of k, above which one can observe the 1/k 4 behavior, becomes larger and larger with the increase of τ . We find that for τ = 10 4 the 1/k 4 tail is practically no longer visible and that the momentum distribution [see Fig. 1(b) ], is indistinguishable from the asymptotic behavior, except for small values of k where reaching the asymptotic behavior requires even larger expansion times. It is also worth noting that, for shorter times, where the 1/k 4 tail is still visible in the momentum distribution, there is no trace of the 1/r 4 tail in the density distribution [see Fig. 1(a) ] because the ballistic relationship (1) is not applicable on these times.
B. Weakly repulsive interaction
In this case we assume that the system initially occupies the second energy level of Eq. (7) to avoid the lowest 4 (dotted blue), and the asymptotic momentum distribution(dot-dashed black). Results are shown in log-log scale plot. For finite expansion time, the density distribution ρ(r, τ ) exhibits a 1/r 2 behavior at small r and the momentum distribution n(k, τ ) exhibits a 1/k 4 behavior at large k.
energy level of the pseudopotential interaction which corresponds, in the absence of the trap, to a bound state if a > 0. Note that, despite the absence of overlap between the two states at t = 0, the wave function may have a finite overlap with the bound molecular state during the expansion, resulting in a molecular contribution to the contact of the expanding configuration [40] . The small probability of this process will be calculated at the end of the section. The wave function of the trapped state can be approximated, for r a ho , by ψ 0 (r) ≈ Aa
ho (a/r − 1), whereas its behavior at large r is dominated by the exponential factor. For the weak interaction case a a ho (a = 0.05a ho ) the energy of the state is E ≈ 3 ω ho /2 and A ≈ 1/π 3/4 . The momentum distribution at large k is determined by the small r behavior of the wave function. One finds the dependence n 0 (k) = 2A 2 a 2 /(πa 3 ho k 4 ) for large k, yielding the value C 0 = 16π 2 A 2 a 2 /a 3 ho for the contact which is proportional to a 2 like the case of the weakly interacting Bose gas.
The problem of the expansion can be solved in a way similar to that of Ref. [24] , where the short time evolution of the contact was studied after quenching the scattering length to infinity in the presence of a harmonic trap. After the release of the trap, the eigenfunctions of the continuous spectrum with energy E q = 2 q 2 /2m are R q (r) = 2a
where the phase shift δ q should be determined by the Bethe-Peierls boundary condition ∂ r (rR q )/(rR q )| r→0 = −1/a, and one finds tan δ q = qa. At unitarity, δ q = π/2 and thus R q (r) = −2a
cos(qr)/r. For ideal gas without interaction, δ q = 0 and thus R q (r) = 2a −1/2 ho sin(qr)/r. Furthermore, the functions R q satisfy the orthogonality condition
The projection of the initial wave function ψ 0 (r) on such a basis gives
which provides a useful quantity allowing for the calculation of the density and momentum distributions as a function of time. The behavior of c(q) at large momenta satisfying the condition q a
ho is related to the behavior of the wave functions at short distances satisfying the condition r a ho . Substituting the approximate wave function Aa 
Multiplying the first equation by rR q (r) and the second one by rψ 0 (r), followed by an integration with respect to r, and using the fact that both wave functions satisfy the Bethe-Pierels boundary condition at r = 0, we get
Note that at the value q c = √ 2mE/ , the numerator in Eq. (15) vanishes linearly and thus c(q) is well-defined for all values of q. To find the behavior of c(q) at large q, one can again replace ψ 0 (r) with the small r approximation. A direct integration gives c(q) ≈ − 8Aa ho ), we find c(q) ∝ 1/q in the absence of interaction, whereas it behaves like 1/q 5 (for q a −1 ) and 1/q 6 (for q a −1 ) in the presence of interaction, with the corresponding coefficients in excellent agreement with the above analytic estimate. As already pointed out, the momentum distribution preserves its initial form if the interaction is turned off, whereas it dramatically changes during the expansion if the interaction is present. Such a different expansion dynamics is directly connected with the different behaviors exhibited by c(q) at large momenta.
With the help of c(q), the wave function during the expansion can be, in fact, calculated straightforwardly:
and the wave function φ(k, τ ) in momentum space can be obtained after a direct Fourier transformation. Let us first consider the case where the interaction is turned off just before the expansion. Since in this case the initial 1/k 4 large momentum tail is preserved during the expansion, a 1/r 4 tail at large distance is predicted to develop in the density distribution during the expansion. As shown in Fig. 3(a) , a tail of the form 1/r 4 does actually appear in ρ(r, τ ) at r/a ho τ , beyond the exponential decay. In terms of c(k), the wave function in momentum space takes the form
Since c(k) ≈ 2Aaa
ho /k at large k, thus the large momentum distribution n(k, τ ) = C 0 /k 4 which, as expected, coincides with the initial one.
If the interaction is not switched off, the expansion dynamics is dramatically different. In Fig. 3(b) we show the density distributions resulting from the direct calculation of Eq. (17) . Due to the presence of interaction, the real space density always satisfies ρ(r = a, τ ) = 0. Beyond the exponential decay, we find that a tail of the form ρ(r, τ ) ∝ 1/r 12 followed by a tail of the form ρ(r, τ ) ∝ 1/r 14 appears soon after a short expansion time and is preserved afterwards. This can be understood by applying to Eq. (17) the saddle-point approximation which is valid at large τ . At the saddle point -dashed black) . Results are shown in log-log scale plot. At large k, the momentum distribution exhibits a tail of 1/k 4 , whereas the asymptotic momentum distribution exhibits a 1/k 12 tail followed by a 1/k 14 tail.
.
(19) The absence of the 1/r 4 tail in the density distribution indicates that the 1/k 4 large momentum tail must disappear after a long enough expansion time. Indeed, as shown in Fig. 4 , the large momentum distribution n(k, τ ) ∝ 1/k 4 decreases and shrinks during the expansion, similarly to the case of the expansion in the presence of unitary interaction (see Fig. 1 ). Since the momentum distribution reaches the ballistic regime at a different rate for different momenta, strong interference oscillations appear in the intermediate momentum regime connecting the low and large momentum sectors. A careful analysis shows that the average of these oscillations results in a 1/k 12 behavior with the increase of time. Therefore, when the ballistic relation is satisfied, the momentum distribution should exhibit a 1/k 12 tail followed by a 1/k 14 tail at τ → ∞, consistently with the large r behavior of the density distribution [see Eq. (19)].
To investigate the time dependence of the 1/k 4 large momentum tail at large but finite τ , we should calculate the evolution of the wave function at small r. In this case, only values of c(q) at small q 1/a ho τ 1/2 ∼ 1/R(t), where R(t) is the radius of the expanded cloud, are important for the calculation of the integral in Eq. (17) . For these values of q one finds c(q) ≈ −A √ 2πa ho q [see Eq. (14)]. Taking into account the asymptotic expression for R q (r) at small r, we find that in this regime the wave function is given by ψ(r, τ ) ≈ Aa and the momentum distribution behaves like n(k, τ ) ≈ n 0 (k)/τ 3 at large k. In conclusion, the contact decreases as C(t) = C 0 / (ω ho t) 3 for t 1/ω ho , which agrees with the numerical calculation of n(k, τ ) shown in Fig. 4 . The time dependence of the decay is the same as in the case of the weakly interacting Bose gas discussed in the first part of the paper, thereby providing a justification of the adiabatic ansatz employed to derive the 1/t 3 decay law. As anticipated above, we conclude this section by calculating the probability that, after release of the trapping potential, the system, instead of expanding, will occupy a bound state, corresponding to the energy E B = − 2 /2ma 2 . This probability is given by w B = |c B | 2 , where the coefficient c B is given by Eq. (15) 1. In the rare case where the bound state is created, the spatial density will decay exponentially ∝ r −2 e −2r/a and the momentum distribution will exhibit the 1/k 4 behavior for ka 1. However, such a behavior will not affect the measurable density distribution at large distances.
C. Quench dynamics
In the last part of the work we consider the time evolution of the contact after a quench of the scattering length from a small value to a = ∞ just before the expansion. This problem was already investigated both experimentally [23, 28] and theoretically [24] in the presence of a harmonic trap. The authors of Ref. [27] considered the quench dynamics in momentum space of a pair of atoms initially bound by an interaction with a > 0. In this section, we will consider the dynamics of a pair of atoms by switching off the trap simultaneously with the quench of the scattering length. Particularly, we will focus on the investigation of the density distribution of the system after a large expansion time.
At unitarity, the continuum eigenstates are R q (r) = −2a −1/2 ho cos(qr)/r. Using the approximated form of the initial wave function ψ 0 (r) ≈ Aa −3/2 ho (a 0 /r − 1) at small r, where a 0 is the scattering length before the quench, we get c(q) ≈ −2A/(q 2 a 2 ho ) at large q (see Fig. 2 ). Applying the saddle-point approximation to Eq. (17) at the saddle point q s = r/(a 2 ho τ ), one then finds
Using the ballistic relation [Eq.
(1)], we find that the asymptotic momentum distribution behaves like 1/k 6 . Consequently, the 1/k 4 tail of the momentum distribution should evolve into 1/k 6 after long expansion time in agreement with Ref. [27] . Figure 5 shows the timedependent evolution of the density and momentum distributions in the expansion after quenching the scattering length from a 0 = 0.05a ho to a = ∞. A tail of the form 1/r 6 is developed in the density distribution, in good agreement with the above analytical calculation. The momentum distribution can be separated into two stages. 6 at large r, whereas the momentum distribution exhibits a tail of 1/k 4 at large k which first increases at short time and then decreases.
At shorter times, the two-body correlations increase due to the quench and the 1/k 4 tail increases and quickly reaches the in-trap equilibrium value, as investigated in Ref. [24] . At longer times, the expansion dynamics dominates and the contact decreases, in agreement with our previous results for the unitary interaction. Since the rate of the evolution is slow, a new 1/k 6 tail is expected to appear after a long expansion time.
It is finally worth investigating the effect of the quenching of the scattering length to a finite value a f satisfying the condition |a f | a ho . In this case the system, after expansion, will exhibit the density shape ρ(r, τ ) ≈ 2A 
holding for r/a ho τ . According to Eq. (1), the corresponding asymptotic momentum distribution takes the form n asym (k) = 2A 
in the interval a −1 ho k |a f | −1 where, if a f > 0, we can safely ignore the contribution caused by the formation of a bound state (dimer) during the expansion [43] .
IV. CONCLUSION
In this paper we have investigated the time dependence of the density and momentum distribution of various expanding physical systems after the release from a harmonic trap, with special focus on the behavior of the contact parameter. We have explicitly shown that the momentum distribution changes dramatically if the interaction is present during the expansion and the large momentum tail decreases and eventually disappears for large times. On the other hand, differently from the case when the interaction is switched off before the expansion, the density distribution, which is the observable quantity in the time-of-flight experiments, does not exhibit any 1/r 4 behavior, even at intermediate times where the 1/k 4 tail in the momentum distribution is still visible. So far, our investigations have been devoted to isotropically trapped systems. The presence of anisotropy in the trapping potential is not expected to introduce major differences in the large k behavior of the momentum distribution of the expanding gas, although its role might deserve further theoretical investigation.
On the basis of our results we conclude that the 1/r 4 density tail, observed after the release of an anisotropic trap in the recent experiment by Chang, et al. carried out on a weakly interacting Bose gas of metastable 4 He atoms [29] , is still elusive and remains an open problem to understand.
Note added. Recently, we noticed a preprint by Gharashi and Blume [44] on the evolution of the contact for a smoothly released one-dimensional harmonic trap.
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